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Abstract
The bosonic parts of D3-brane actions in AdS(5) backgrounds are known to
have symmetries which are field-dependent extensions of conformal transformations
of the worldvolume coordinates. Using the coset space SU(2, 2|1)/SO(4, 1), we
apply the method of nonlinear realizations to construct a four-dimensional N = 1
off-shell supersymmetric action which has a generalized field-dependent superconfor-
mal invariance. The Goldstone fields for broken scale, chiral and S-supersymmetry
transformations form a chiral supermultiplet.
In the consideration of D3-branes in an AdS5×S5 background, Maldacena [1] showed
that the scale-invariant action
S = −κ2
∫
d4xU4
(√
−det(ηmn + ∂mU∂nU/U4)− 1
)
(1)
is also invariant under the generalized special conformal transformations
δxm = bm x2 − 2xm(b · x) + bm/U2(x) ,
δU(x) ≡ U ′(x′)− U(x) = 2(b · x)U(x) . (2)
This action and its symmetries have a natural geometric origin. The action is the Nambu
action, expressed in static gauge, for a 3-brane embedded in AdS5 with the metric
ds2 = U2dxmηmndx
n + (dU/U)2 . (3)
The symmetries of the action follow from the SO(4, 2) group of isometries of AdS5 =
SO(4, 2)/SO(4, 1).
The action (1) captures the dynamics of the transverse radial excitation of a D3-brane
moving near the core of another D3-brane. The bosonic D3-brane action reads (here we
omit the Chern-Simons term; see, for example, [2] for more details),
S = −κ2
∫
d4xU4
(√
−det(ηmn + ∂mUµ∂nUµ/U4 + Fmn/U2)− 1
)
, (4)
where U2 = UµUµ, with µ = 1, . . . , 6. It is invariant under standard linear conformal
transformations of U and F only if all terms in the action with derivatives of the transverse
brane excitations, ∂mU
µ, are ignored. In the general case, when such terms are kept, the
action turns out to be invariant under deformed nonlinear conformal transformations of
the fields which have a deep five-dimensional origin (see [3, 4] and references therein)
but which, at first sight, look wierd from a four-dimensional point of view. Remarkably,
there does exist a four-dimensional origin for this deformed conformal symmetry, and in
fact it comes from quantum theory. Almost two decades ago, Fradkin and Palchik [5]
observed that the effective action in conformally invariant quantum Yang-Mills theories
is not invariant under the usual linear conformal transformations of non-abelian gauge
fields. Instead, it possesses an invariance under nonlocal and nonlinear transformations
consisting of a combination of linear conformal transformations and some compensating
field-dependent gauge transformations, which form a nonlinear realization of the conformal
group [6] (see also [7]). These nonlocal conformal transformations turn out to reduce to
those of the form (2) in the case of the low-energy effective action of N = 4 super Yang-
Mills theory [8].
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In the present letter, we carry out the first steps towards solving the problem of con-
structing off-shell supersymmetric four-dimensional extensions of the bosonic action (4).
An N -extended superfield generalization of (4) should be invariant under nonlinearly re-
alized SU(2, 2|N ) transformations. Such nonlinear superfield realizations of SU(2, 2|N )
could in principle be obtained by (i) considering an off-shell N = 1 or N = 2 formulation
of the quantum N = 4 super Yang-Mills theory; (ii) defining quantum nonlocal super-
conformal transformations of the dynamical superfields a` la Fradkin and Palchik [5]; (iii)
considering a low-energy approximation defined in a similar manner to the component ap-
proach of [8] but now in terms of superfields. Once the nonlinear superfield realization of
SU(2, 2|N ) is known, an invariant action should be determined to a significant extent on
general grounds [1, 2]. In practice, the above program may be difficult to realize. It seems
simpler and safer to make use of the method of nonlinear realizations [9], in particular
as applied to the conformal symmetry [10], in order to work out consistent mechanisms
for partial breaking of the superconformal symmetry. The coset spaces of interest are of
the form SU(2, 2|N )/(SO(4, 1)×GR), where GR is a subgroup of the R-symmetry group
U(N ).
In this paper, we give an N = 1 supersymmetric extension of the action
S = −κ2
∫
d4xU4
(√
−det(ηmn + ∂mUµ∂nUµ/U4)− 1
)
, µ = 1, 2 , (5)
which corresponds1 to the choice F = 0 and µ = 1, 2 in (4). The action is constructed in
terms of a chiral scalar superfield which is the Goldstone multiplet for partial breaking
of SU(2, 2|1). We expect that it models the essential features of nonlinearly realized
superconformal symmetries of the low-energy N = 4 super Yang-Mills effective action
and D3-brane actions.
The supergroup SU(2, 2|1) is the four-dimensional N = 1 superconformal group. It is
1The N = 1 superconformal Born-Infeld action given in eq. (2.15) of [11] reduces in components to
the action (4) with µ = 1, 2 and all derivatives of U omitted.
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generated by Lie algebra elements of the form2
X =


ωα
β −∆δαβ −ibαβ˙ 2ρα
−iaα˙β −ω¯α˙β˙ + ∆¯δα˙β˙ 2ǫ¯α˙
2ǫβ 2ρ¯β˙ 2(∆¯−∆)

 (6)
which satisfy the conditions
str X = 0 , BX†B = −X , B =


0 1 0
1 0 0
0 0 −1

 . (7)
As superconformal transformations, the matrix elements correspond to a Lorentz trans-
formation (ωα
β, ω¯α˙β˙), a translation a
α˙α, a special conformal transformation bαα˙, a Q–
supersymmetry (ǫα, ǫ¯α˙), an S–supersymmetry (ρα, ρ¯α˙), and a combined scale and chiral
transformation ∆ = 1
2
(λ− i
3
Ω). Minkowski superspace, with coordinates zA = (xa, θα, θ¯α˙),
can be identified with the coset space SU(2, 2|1)/(P × C∗), where P denotes the N = 1
Poincare´ supergroup generated by the parameters (ω, ω¯, b, ρ, ρ¯) in (6), and C
∗ denotes
the group of scale and chiral transformations generated by the parameters ∆ and ∆¯ in
(6). The coset representative g(z) has a matrix realization
g(z) =


1 0 0
−ix˜+ 1 2θ¯
2θ 0 1

 (8)
where x∓ denote ordinary (anti-)chiral bosonic variables, xa± = x
a± iθσaθ¯. In the infinites-
imal case, the superconformal group acts on Minkowski superspace by transformations
z → z′ = z + δz such that
X g(z) = δg(z) + g(z) H(z) , δg(z) = g(z + δz)− g(z) , (9)
where the matrix
H(z) =


ωˆ − σ1 −ib 2ρˆ
0 − ˆ¯ω + σ¯1 0
0 2ˆ¯ρ 2(σ¯ − σ)

 (10)
2We use the superconformal notation adopted in [12, 13]. Our two-component matrix-like conventions
are as follows. For all Q-supersymmetry spinors, namely transformation parameters (ǫ, ǫ¯) and superspace
coordinates (θ, θ¯), the matrix convention is: ψ = (ψα), ψ˜ = (ψα), ψ¯ = (ψ¯
α˙), ˜¯ψ = (ψ¯α˙). For all S-
supersymmetry spinors, the matrix convention is: ψ = (ψα), ψ˜ = (ψ
α), ψ¯ = (ψ¯α˙),
˜¯ψ = (ψ¯α˙). For
a four-vector xa converted into a bi-spinor, we define x = (xαα˙) and x˜ = (x
α˙α); but x · y = xaya =
− 1
2
tr(x˜y) = − 1
2
tr(xy˜).
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is a compensating transformation belonging to the Lie algebra of the stability group. One
finds
δxa+ = v
a(x+, θ) = a
a + ωabx
b
+ + λx
a
+ + b
ax2+ − 2xa+(x+ · b) + 2iθσaǫ¯− 2θσax˜+ρ ,
δθα = vα(x+, θ) = ǫ
α − θβωβα + 1
2
(λ+ iΩ)θα + (θbx˜+)
α − i(ρ¯x˜+)α + 2ραθ2 , (11)
and the entries of H read
ωˆα
β(x+, θ) = ωα
β +
1
2
(x+b˜− bx˜+)αβ + 4ραθβ + 2δαβθρ ,
σ(x+, θ) = ∆ + 2θρ− b · x+ , ρˆα˙(θ) = 2(ρ¯+ iθb)α˙ = D¯α˙σ¯ , (12)
with Dα and D¯α˙ the flat spinor covariant derivatives. As is seen from (11), the super-
conformal group acts on the complex variables x+ and θ by holomorphic transformations
which preserve the surface xa+ − xa− = 2iθσaθ¯; see [14] for a detailed discussion. The
left-invariant Maurer-Cartan one-form
E = g−1 dg =


0 0 0
−ie˜ 0 2dθ¯
2dθ 0 1

 , ea = dxa − idθσaθ¯ + iθσadθ¯ , (13)
transforms only under the compensating transformations,
δE = [H,E]− dH . (14)
We now turn to the consideration of the coset space SU(2, 2|1)/SO(4, 1), which de-
scribes the product of a five-dimensionalN = 1 anti-de Sitter superspace and a one-sphere,
AdS5|8×S1. This space can be parametrized in terms of a coset representative G(Z) with
the matrix realization
G(Z) =


1 0 0
−ix˜+ 1 2θ¯
2θ 0 1




1 2ηη¯ 2η
0 1 0
0 2η¯ 1




ϕ1/21 0 0
0 ϕ¯−1/21 0
0 0 ϕ/ϕ¯


=


ϕ1/21 2ϕ¯−1/2ηη¯ 2ϕϕ¯−1η
−iϕ1/2x˜+ ϕ¯−1/2(1− 2ix˜+ηη¯ + 4θ¯η¯)1 2ϕϕ¯−1(θ¯ − ix˜+η)
2ϕ1/2θ 2ϕ¯−1/2(η¯ + 2θηη¯) ϕϕ¯−1(1 + 4θη)

 . (15)
An infinitesimal superconformal transformation Z → Z ′ = Z + δZ of the variables Z =
(zA, ϕ, ϕ¯, ηα, η¯α˙) is uniquely determined by requiring
X G(Z) = δG(Z) +G(Z)H(Z), δG(Z) = G(Z + δZ)−G(Z) , (16)
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with H a compensating SO(4, 1) transformation of the form (see also [15])
H =


Ω −ib 0
ib˜ −Ω¯ 0
0 0 0

 , trΩ = 0 , Ω¯ = Ω† , b† = b. (17)
One finds
δxα˙α+ = v
α˙α(x+, θ) + (ϕϕ¯)
−1/2
(
bα˙α + 4θ¯α˙η¯β˙b
β˙α
)
,
δθα = vα(x+, θ)− i(ϕϕ¯)−1/2η¯β˙bβ˙α ; (18)
δlnϕ = −2σ(x+, θ) + 2i(ϕϕ¯)−1/2η¯b˜η ,
δηα =
1
2
Dασ + (σ − 2σ¯)ηα + ωˆαβηβ − 4i(ϕϕ¯)−1/2ηα(η¯b˜η) , (19)
and the entries of H are
(ϕϕ¯)1/2b = b(1 + (ϕϕ¯)−1/2η2η¯2) + 2i(ρη¯ − ηρ¯) + 2(bθ¯η¯ + ηθb) ,
Ω = ωˆ(x+, θ) + 2i(ηη¯b˜+
1
2
η¯b˜η 1) . (20)
As is seen from eq. (18), the variations δxa+ and δθ
α satisfy the relation
δxa+ − δxa− = 2i (δθσaθ¯ + θσaδθ¯) ,
in complete agreement with the definition of x+. However, the variations δx+ and δθ are
no longer holomorphic functions of x+ and θ, unlike the Minkowski superspace case.
The standard coset construction using the Maurer-Cartan form G−1 dG yields the
geometry AdS5|8×S1. The coefficients of the “broken” generators of SU(2, 2|1) determine
a supervielbein E, and the coefficients of the “unbroken” generators are the components
of an SO(4, 1) connection Σ. In terms of the coordinates introduced above,
G−1 dG = E+Σ =


1
2
d lnϕ1 − i
2
dx 2dη
− i
2
dx˜ −1
2
d ln ϕ¯1 2dθ¯
2dθ 2dη¯ d ln(ϕ/ϕ¯)

+


W − i
2
B 0
i
2
B˜ −W¯ 0
0 0 0

 . (21)
The components of the supervielbein are given by scale and chiral invariant one-forms
dθ = ϕ−1/2 ϕ¯
(
dθ + iη¯e˜
)
, (22)
dη = ϕ1/2 ϕ¯−1
(
dη + 2η(η¯dθ¯ − 2dθη − iη¯e˜η)
)
, (23)
d lnϕ = d lnϕ+ 4dθη + 2iη¯e˜η , (24)
dx = (ϕϕ¯)1/2 e+ 2i (ϕϕ¯)−1/2
(
dηη¯ − ηdη¯ + 4η(η¯dθ¯ − dθη + i
2
η¯e˜η)η¯
)
, (25)
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and the components of the SO(4, 1) connection read
W = −4
(
ηdθ +
1
2
dθ η 1
)
− 2i
(
ηη¯e˜+
1
2
η¯e˜η 1
)
, (26)
B = −(ϕϕ¯)1/2 e+ 2i (ϕϕ¯)−1/2
(
dηη¯ − ηdη¯ + 4η(η¯dθ¯ − dθη + i
2
η¯e˜η)η¯
)
. (27)
The superconformal transformations of E and Σ are
δE = [H,E] , δΣ = [H,Σ]− dH . (28)
Analysing the transformation of E, one observes that the supermetric
ds2 = dxadxa + (d ln
√
ϕϕ¯)2 − ζ(d lnϕ/ϕ¯)2
+ κ(dθαdθα − dη¯α˙dη¯α˙) + κ¯(dθ¯α˙dθ¯α˙ − dηαdηα) , (29)
with ζ and κ dimensionless constants, is superconformally invariant.
So far, ϕ and ηα have been considered as independent coordinates of AdS
5|8 × S1.
From now on, we will treat them as Goldstone superfields, ϕ(z) and ηα(z), living in the
four-dimensional N = 1 superspace with coordinates zM = (xm, θµ, θ¯µ˙). On this space,
we introduce the supervielbein3
EA = (dxa,dθα,dθ¯α˙) = dzM EMA(z) , (30)
and the dual basis in the space of vector fields,
DA = (Da,Dα, D¯α˙) = EAM(z) ∂
∂zM
, EAM EMB = δAB . (31)
Explicitly, the operators DA take the form

−1
2
Dαα˙
Dα
−D¯α˙

 =


(A−1)αα˙β˙β −i(A−1)αα˙β˙β η¯β˙ i(A−1)αα˙β˙βηβ
(B)α
β˙β
√
ϕ
ϕ¯
δα
β − i(B)αβ˙β η¯β˙ i(B)αβ˙βηβ
(C)α˙
β˙β −i(C)α˙β˙β η¯β˙
√
ϕ¯
ϕ
δα˙
β˙ + i(C)α˙
β˙βηβ




−1
2
∂ββ˙
Dβ
−D¯β˙

 ,
where
(ϕϕ¯)Aαα˙
β˙β = (ϕϕ¯)3/2
(
1 + 3(ϕϕ¯)−1η2η¯2
)
δα
βδα˙
β˙ + i
(
ηα(∂αα˙η¯
β˙)− (∂αα˙ηα)η¯β˙
)
+η¯2(Dαη
β)δα˙
β˙ − η2(D¯α˙η¯β˙)δαβ + 2(Dαη¯β˙)η¯α˙ηβ + 2(D¯α˙ηβ)ηαη¯β˙ ,
Bα
β˙β = −2iϕ¯−3/2
(
(Dαη
γ)η¯γ˙ + ηγ(Dαη¯
γ˙) + 2η2η¯γ˙δα
γ
)
(A−1)γγ˙ββ˙ ,
Cα˙
β˙β = 2iϕ−3/2
(
(D¯α˙η
γ)η¯γ˙ + ηγ(D¯α˙η¯
γ˙)− 2ηγ η¯2δα˙γ˙
)
(A−1)γγ˙
ββ˙ . (32)
3This supervielbein is used as an SO(3, 1) covariant basis of one-forms in N = 1 superspace. However,
the four-dimensional geometry which will be used to construct a superconformally invariant action will
be that inherited from the supermetric (29).
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The Goldstone superfields must be constrained, since ϕ and η contain not only true
Goldstone fields for the broken scale, chiral and S-supersymmetry transformations, but
in addition a number of ghost fields. Guided by the inverse Higgs effect [16], which has
played an important role in the construction of various models for partial supersymmetry
breaking [17, 18], a covariant set of constraints is obtained by setting to zero the coefficients
of Eα and E¯ α˙ in the decomposition of d lnϕ with respect to the basis EA. The resulting
constraints read:
0 = Dα lnϕ+ 4ϕ1/2ϕ¯−1ηα + 2(ϕϕ¯)−1
(
η2Dαη¯2 − η¯2Dαη2
)
,
0 = D¯α˙ lnϕ+ 2(ϕϕ¯)−1
(
η2D¯α˙η¯2 − η¯2D¯α˙η2
)
. (33)
These constraints are invariant under the action of the group SU(2, 2|1), because the
compensating SO(4, 1) transformations mix the one-form d lnϕ with dxa, but not with
dθα or dθ¯α˙. The constraints can be solved by expressing ϕ and η in terms of a chiral
unconstrained superfield Φ, D¯α˙Φ = 0. To lowest orders in perturbation theory, we have
lnϕ = lnΦ− 1
64
(ΦΦ¯)−1D¯α˙
[
(D¯α˙ ln Φ¯)(D ln Φ)2
]
+O(ln4Φ) , (34)
ηα = −1
4
Dα lnϕ− i
64
(ΦΦ¯)−1 (35)
×
[
(DαD
β ln Φ)(D¯β˙ ln Φ¯) + (Dβ ln Φ)(DαD¯
β˙ ln Φ¯)
]
∂ββ˙ lnΦ +O(ln
4 Φ) .
Treating ϕ and η as Goldstone fields allows us to consider the pull back of the super-
metric (29) to four-dimensional superspace,
ds2 = dzM GMN(z) dzN . (36)
Then, the action
S = |κ|2
∫
d4xd4θ
√
−sdet(GMN) (37)
is invariant under the nonlinearly realized superconformal transformations (18), (19).
This is the Goldstone multiplet action. To lowest order in powers of derivatives of the
Goldstone chiral superfield Φ, the action reads
S =
∫
d4xd4θ Φ¯Φ +O(ln4Φ) . (38)
The form of this action is not completely specified by the requirement of superconformal
symmetry, as the supermetric (29) contains the free parameters κ and ζ . This is in
constrast to the bosonic action (1). A more detailed analysis of the explicit structure of
the action (37) will be given in a separate publication.
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It would be of interest to find a closed solution of the constraints (33) in terms of
Φ and its conjugate. The approach of [19] may be useful for this purpose, but it would
first be necessary to study the geometry of the superspace SU(2, 2|1)/SO(4, 1) along the
lines of [20]. In principle, one could also use the coset space SU(2, 2|1)/(SO(4, 1)×U(1))
to develop a mechanism for partial breaking of the superconformal symmetry; the corre-
sponding Goldstone field for broken scale and S-supersymmetry transformations should
be an improved N = 1 tensor supermultiplet [21]. It would be interesting to re-derive our
model in the framework of superembeddings; see [22] for a review of the superembedding
approach. The construction presented in this paper should extend naturally to supersym-
metric theories with N > 1. In particular, in the case N = 2, the Goldstone superfield is
expected to be the abelian N = 2 vector supermultiplet described by a chiral constrained
superfield W [23]. Since W contains the field strength Fmn as one of its components, the
resulting action should be of Born-Infeld type.
Acknowledgements. Discussions with Arkady Tseytlin are gratefully acknowledged.
We thank Dima Sorokin for helpful comments on the first version of the manuscript.
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